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Abstract The mathematical modelling of the behaviour of magneto-sensitive (MS) elastomers is complicated
due to the strong nonlinear coupling of the mechanical and electromagnetic responses. An additional problem is that
one needs to consider the surrounding space in the calculation of the electromagnetic fields. Finding appropriate
and simple variational formulations is an important step towards solving the governing equations using numeri-
cal methods. Variational formulations for a number of boundary-value problems are given, and different possible
models for the mechanical and magnetic boundary conditions are studied.
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1 Introduction

During the last years there has been a growing interest in studying the theory of magneto– and electro–elasticity
with finite deformations [1]. One of the main applications of this theory is the mathematical modelling of magneto-
and electro-sensitive elastomers, which has been studied in detail by, for example, Dorfmann and Ogden [2–6],
Kankanala and Triantafyllidis [7] and Steigmann [8]. Magento- and electro-sensitive elastomers are considered
very interesting materials, because their properties can be tuned by applying an external magnetic or electric field
[9–13].

In the previous research we can see that the governing equations are too complicated to solve any, albeit very
simple boundary-value problems with exact methods. Therefore, it is very important to develop numerical methods
to solve these boundary-value problems. The finite-element method has been found to be one of the most suitable
for this problem. A first step towards the implementation of the finite-element method is to find appropriate varia-
tional formulations; this had been done, for example, by Bustamante et al. [14,15] for the magneto–elastic and the
electro–elastic cases, respectively.

The main problem to be discussed in this paper corresponds to the boundary conditions in magneto–elasticity.
We explore different models for the interaction of magneto-sensitive elastomeric bodies with an external load-
ing device; for these models we propose variational formulations, which not only consider the body, but also
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the surrounding free space and other external bodies. In these variational formulations a careful distinction has
been made between fields and quantities that are truly external data, such as traction or distant magnetic fields,
and the fields and quantities that are unknown, and must be determined from the solution of the boundary-value
problem.

The equations of electromagnetism must hold everywhere, not only inside the MS elastomeric body, but also
in the surrounding areas. In magneto– and electro–elasticity, as a first approximation, some researchers have only
considered the material body in their analyses and have not accounted, for example, for the free space surrounding
the body (see, for example, [16]). The same has happened in the classical theory of linear electro– and magneto–
elasticity (see, for example, [17–20]).

Other authors have considered the case of a material body completely surrounded by free space [7,21,22]. In
electro–elasticity an interesting boundary condition corresponds to an electric potential or an electric distribution
of charges, which is applied to a portion of the surface of the body; see, for example, [16,23–25].

In the classical theory of elasticity there are two important boundary conditions, which have been used for most
problems, namely a prescribed external surface stress or traction, and a prescribed displacement on the boundary
of a body. The problem where we prescribe these two boundary conditions on disjoint surfaces is called the mixed-
boundary-condition problem. It is necessary to point out that these two conditions do not include, by any means, all
of the possible boundary conditions that can be found in real problems; additional examples of boundary conditions
can be found in [26, Sects. 5.1 and 5.2], and [27].

When saying that we apply a prescribed surface traction or restriction on the displacement, what we mean is that
the body is in contact with an external body (or loading device using Batra’s terminology [28]), and we can assume
that the result of this surface contact can be approximated with a model, where we prescribe external surface forces
and a restriction in the displacement. However, in the real situation what happens is that this external loading device
is also affected by the interaction with the body, and this interaction will have an effect on the external surface force
and on the prescribed displacement. In fact, as shown by Batra [28], in a real problem we are not able to decompose
so easily the interaction in surface forces and given displacements; moreover, the interaction is not local, in the
sense that, for example, the interacting force at each point depends on the deformation at every point of the surface.
Therefore, it is necessary to point out that the problem of modelling boundary conditions in elasticity is not simple,
and there are still open questions (see, for example, [29,30]).

If the problem of modelling boundary conditions in the classical theory of elasticity is complicated, we can
expect that the situation in magneto– and electro–elasticity will be even more difficult. Even if we consider a
simplified model (as we will see in detail in Sect. 3), besides the prescription of a surface mechanical load and a
displacement, we can (for example, for the electro-elastic case) prescribe a given electric potential and an electric
displacement on disjoint portions of the surface of the body (see, for example, [16]); but to assume that the electric
displacement is given on the surface of the body, means we are not concerned with the behaviour of the fields
outside the body. However, for example, in the magneto–elastic problem, the numerical results of Bustamante et al.
[21], for the behaviour of a MS tube surrounded by free space, suggest that it may be actually important to consider
the surrounding space for the calculation of these external fields.

In magneto– and electro–elasticity several authors have considered the problem of a body surrounded completely
by free (vacuum) space (see, for example, [1,7,8,14,15,22]). But the question remains: what should we do when we
have external mechanical surface forces and restrictions on the displacement? To arrive at an appropriate and simple
model for the direct contact of bodies in magneto– and electro–elasticity is not clear. In [9] experimental results
were obtained for MS elastomers by attaching cylindrical specimens directly to a traction device; other experiments
involving the interaction between mechanical and magnetic or electric effects are described in [10,13,31]. The
incorporation of Maxwell stresses has also caused some controversy; see [32,33].

The development in the subsequent sections will be restricted to MS systems only. In Sect. 2 we provide an
overview of the theory for MS elastomers developed by Dorfmann and Ogden [2–6]. In Sect. 3 we discuss different
models for boundary conditions, and in Sect. 4 we propose variational formulations for some of the above models.
In Sect. 5 we include some final remarks. Some of the results presented in this paper are partly based on the results
presented in [34].
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2 Basic equations

2.1 Kinematics

We work with a deformable magnetically sensitive body that is initially in an unstressed configuration, the region
occupied by the body in this reference configuration being denoted Br , with boundary ∂Br . The position vector of a
material point within the body in this configuration is denoted X. The material is deformed from the configuration
Br so that the point X occupies the position x = χ(X) in the deformed configuration, denoted by B, which has
boundary ∂B.

In this section we assume that the body is completely surrounded by an infinitely large free (vacuum) space1

denoted B′, far away its boundary is denoted ∂B∞ and its boundary with the body is denoted ∂B′. We note that,
if n and n′ are the normal unit (outward) vectors to ∂B and ∂B′, respectively, then n = −n′. Only the Eulerian
description of this exterior free space makes sense from a physical point of view; however, it is possible to extend
the field χ outside the body [22].

The deformation gradient tensor F relative to Br is defined by [35]

F = Gradχ , X ∈ Br , (1)

where Grad denotes the gradient operator with respect to X. We adopt the notation

J = det F (2)

with the standard convention J > 0.
The right and left Cauchy–Green tensors, denoted c and b, respectively, are defined by

c = FTF, b = FFT, (3)

where T denotes the transpose of a second-order tensor.
For a detailed discussion of the relevant background in nonlinear elasticity and continuum mechanics we refer

to [35].

2.2 The equations of magnetostatics

Consider that the deformed configuration B arises from the application of mechanical loads and a magnetic field.
We denote by H, B and M, respectively, the magnetic field, the magnetic induction and the magnetization in this
configuration. These are Eulerian vector fields, i.e., they are defined on the deformed body B and are regarded as
functions of x.

The fields H and B satisfy the field equations [36]

curl H = 0, div B = 0, (4)

which are the appropriate specializations of Maxwell’s equations in the absence of distributed currents and time
dependence. The magnetization vector can be considered as a derived quantity and is defined in terms of H and B
by the standard equation (see [36])

B = µ0(H + M). (5)

Equation (5) gives an explicit expression for M in terms of either H or B as the independent variable. In vacuum or
in non-magnetizable materials, M = 0 and (5) reduces to

B = µ0H. (6)

1 In the subsequent sections we assume other types of boundary conditions.
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Across a surface of discontinuity in the body or across the boundary ∂B, the jump conditions for the fields are

n × [[H]] = 0, n · [[B]] = 0 on ∂B, (7)

where the double square brackets means, for example, for the magnetic field that [[H]] ≡ Ho − Hi, where Ho and
Hi correspond to the magnetic field evaluated outside and inside the body across ∂B, respectively. The vector n is
the unit outward normal to ∂B.

Using (5), (6) and (7) we may easily show that

[[H]] = (n · M)n, [[B]] = µ0((n · M)n − M) on ∂B. (8)

2.3 Mechanical balance laws

If we denote by ρr and ρ the mass densities in the reference and current configurations, respectively, then the
conservation-of-mass equation is given by

Jρ = ρr . (9)

We can write the magnetic body forces as the divergence of a second-order tensor and add this tensor to the Cauchy
stress tensor to define a ‘total (Cauchy) stress tensor’, which we denote by τ (see, for example, [3,5]). In such a
case the equilibrium equation in the absence of mechanical body forces can be written in the form

divτ = 0. (10)

Since the magnetic body forces and couples are included in the definition of the stress, we have τT = τ from a
balance of angular momentum.

The counterpart of the nominal stress tensor is denoted here by T, and is defined by

T = JF−1τ ; (11)

the equilibrium equation (10) can be written in the alternative form

DivT = 0. (12)

2.4 The formulation of Dorfmann and Ogden

We base our research on the formulation developed by Dorfmann and Ogden [2–6]. The formulation of Dorfmann
and Ogden [2–4] for magneto–elastic materials is based on the assumption that there exists a total energy function,
here denoted � = �(F,Bl), such that

T = ∂�

∂F
, Hl = ∂�

∂Bl
, (13)

where

Bl = JF−1B, Hl = FT H (14)

are the Lagrangian forms of the magnetic induction and the magnetic field vectors, respectively.
On use of the partial Legendre transformation we can define the complementary energy function

�∗ = �∗(F,Hl) = �(F,Bl)− Hl · Bl (15)

such that

T = ∂�∗

∂F
, Bl = −∂�

∗

∂Hl
. (16)
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Fig. 1 Boundary conditions for the magneto–elastic problem
considering only the material body B

Fig. 2 Sketch of a body B surrounded by free space B′ with
boundary ∂B∞

3 Boundary conditions for mixed boundary-value problems

In the classical linear theory of magneto–elasticity and electro– (piezo–) elasticity only the material body has been
considered in the analysis; see, for example, [16,18–20]. The same has been done in the more general case where
we work with finite deformations; see, for example, [16,24,37]. In the magneto–elastic problem the surface ∂B of
the body B is divided, for example, in two different forms (see Fig. 1)

∂B = ∂Bx ∪ ∂Bt, ∂B = ∂Bϕ ∪ ∂BB, (17)

such that

∂Bx ∩ ∂Bt = ∅, ∂Bϕ ∩ ∂BB = ∅, (18)

where ∂Bx is the part of ∂B where x = x̂ is prescribed, ∂Bt is the part of ∂B where an external surface load t = t̂
is given, ∂Bϕ is the part of ∂B with a known external magnetic potential ϕ = ϕ̂, and ∂BB is the part where the
magnetic induction is given Bn = B̂n.

There are some problems with the above model. First, as pointed out, for example, by Bustamante et al. [15], if
the above model does not take into account the surrounding space, then Gauss’s law, which must hold everywhere,
would be violated. So, what happens is that there is a magnetic interaction of the body with the surrounding space,
which means that prescribed values of, for example, ϕ̂ and B̂ depend on this interaction and must be calculated rather
than given as data. In magneto–elasticity the results obtained by Bustamante et al. [21] suggest that considering the
surrounding space may have an important effect on the distribution and magnitude of this external field. Therefore,
when we assume an isolate body and we give ϕ̂ and B̂ as data, these values for the external potential and magnetic
induction are only approximate quantities.

A second problem with the above mode is that there is no discussion about how an external mechanical surface
load (or a restriction on the displacement) could be applied. As mentioned in the Introduction, surface interaction
means we are assuming that the body is interacting with another external body.

A better approximation for the problem is to consider a body B completely surrounded by free (vacuum) space
B′ (see Fig. 2), assuming that B′ extends to infinity (see, for example, [7,8,14,15,22]).

In this model the surrounding free space is considered in the analysis. It is assumed that some external field (or
potential) is applied far away at the external boundary of B′, which we denote by ∂B∞. If we work with the total
stress, it is possible to show that, besides any mechanical surface traction, we have to include as external load the
traction due to the Maxwell stresses (see [33]).

In the above model the electromagnetic laws hold everywhere, but still no deeper analysis has been provided
about how an external mechanical surface traction or restriction on the displacement can be applied. We need to
propose some simple models for the interaction of the body B with an external loading device, where we can assume
that this loading device is semi-infinite.

We now explore two possible models for the interaction of a MS body and an external loading device. Regarding
magnetic fields, there are basically two methods to generate them: one method is to use an electric current in an
electromagnet that generates a magnetic induction B, a second alternative is to use a permanent magnet (such
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Fig. 3 Schemes for three different experiment for MS elastomers

as loadstone), which generates a magnetic field H. As regards the application of a mechanical surface load or a
restriction on the displacement, consider Fig. 3. We have schematic representations of three possible experiments,
Fig. 3a shows the uniform extension of a MS cylinder (see [9]), Fig. 3b shows the compression of a MS cube [38],
and Fig. 3c shows the simple shear of a MS slab (see [13]).

If we assume that an external field is applied far away (either on the external boundary of the free space, or far
away on the external boundary of the loading device) two questions remain:

• What are the properties of this loading device?
• What kind of interaction do we have in the interface between a MS elastomer and a loading device?

In his paper on the boundary conditions in the context of the classical theory of nonlinear elasticity, Batra
[28] assumed the loading device as a deformable body. In our case, we restrict ourselves to the situation, where
the MS elastomeric body interacts with an external device made up of a material with a much higher ‘stiffness’
than the MS elastomer. In principle, we assume the external device as rigid, but we relax this assumption in
Sect. 4.3.

Regarding the second question about the interaction on the interface, from Fig. 3a, c we assume that the MS
elastomer is perfectly bonded to the loading device. For the problem presented in Fig. 3b we may have, for example,
the situation where the surface of the cube is not perfectly bonded but just in contact with the device; we could even
assume there is no friction on the interface, and so the surface of the cube would be free to slip in the tangential
direction to the compression. For the sake of simplicity, we only consider the case where the MS elastomer is totally
bonded to the loading device.

We consider two models:

First model: The MS body is bonded to a loading device that is rigid, magnetizable and semi-infinite. Part of
the surface of the MS body is in contact with the free space; the loading device may rotate and
move rigidly. Far away on both the free space and the loading device there is an external applied
field.

Second model: In the second case we consider an MS body attached to two devices, one of them being rigid and
the other deformable (elastic), while both devices are magnetizable.

More details of these models are provided in Sect. 4.
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Fig. 4 A mixed-boundary-
value problem

4 Variational formulations

4.1 Interaction of a MS elastomer with a rigid semi-infinite body. Formulation based
on the scalar magnetic potential

Consider Fig. 4 (see [34]), which shows a body B with part of its boundary bonded to a semi-infinite rigid body
(loading device) B̃.

The body B̃ may displace and rotate. Exterior to these bodies is the free space B′. The surface of B is divided
into two disjoint and complementary parts, ∂B = ∂Bα ∪ ∂Bβ , where ∂Bα adjoins the free space and ∂Bβ is in
contact with the surface of B̃. The body B̃ and the free space B′ are separated by the surface S. The boundaries of
B′ and B̃ far away are denoted by ∂B∞ and ∂B̃∞, respectively. The normal vectors on the boundaries of B, B̃ and
B′ are denoted by n, ñ and n′, respectively, directed outwards from the region in each case; note that, for example,
on ∂Bα we have −n′ = n, and on S we have −ñ = n′.

The body B is magneto–elastic. We work first with the magnetic field as the independent magnetic variable [3,4],
and so, the free-energy function for B depends on the deformation gradient and the magnetic field. We assume that
the rigid body B̃ is magnetizable, and that the energy function depends only on the magnetic field H.

For the boundary conditions on ∂B we prescribe a displacement on ∂Bβ (the rigid displacement of B̃), and we
denote its position vector by x̂, while the boundary ∂Bα is taken to be free of mechanical traction. We also apply
an external magnetic induction far away on ∂B∞ and/or ∂B̃∞.

The above model may be used to describe some real experiments, such as the uniaxial tension of a bar [9] and
the shear of a slab [13]. However, here what is given as an external datum is the rigid displacement and rotation of
B̃, not the external (far away) applied force.

Consider the expression

E{x, ϕ} =
∫
B∪B̃

�ϒ dv + 1

2

∫
B∪B̃

B · H dv − 1

2
µ0

∫
B∪B̃

M · Ha dv (19)

for the energy of the bodies B and B̃, where � is the mass density and ϒ the energy per unit mass. This is a modifi-
cation of the energy used in [14] and is based on the classical formulation of Brown [39]. In the latter formulation
the fields H and B are each decomposed as the sum of an applied field in the absence of material and an additional
self field generated by the presence of the magnetic material body. We use the subscripts a and s, respectively, to
refer to these two parts. For more details, see [8,14].

A solution of the field equation (4)1 is given in terms of the magnetic scalar potential2 ϕ, such that

H = −gradϕ. (20)

2 This solution is valid only for the case there is no electric interaction and no time dependence.
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This potential is also decomposed into two parts and we write

ϕ = ϕa + ϕs, (21)

where

Ha = −gradϕa and Hs = −gradϕs . (22)

The energy function appearing in (19) is defined as

ϒ =
{
ψ∗ x ∈ B,
ψ̃∗ x ∈ B̃, (23)

where ψ∗ = ψ∗(F,H) and ψ̃∗ = ψ̃∗(H). As well as this, for the density � we have

� =
{
ρ x ∈ B,
ρ̃ x ∈ B̃, (24)

where ρ and ρ̃ are the mass densities associated with B and B̃, respectively.
The first term of the right side of (19) can be decomposed as∫

B
ρψ∗ dv +

∫
B̃
ρ̃ψ̃∗ dv. (25)

For the second integral in (19), on use of (20), (4)2 and the divergence theorem, we obtain [14]

− 1

2

∫
∂Bα∪S

ϕ B · n da − 1

2

∫
∂B̃∞

ϕ B · ñ da. (26)

The first integral in the above expression can be replaced by

− 1

2
µ0

∫
B′

H · H dv − 1

2

∫
∂B∞

ϕ B · n′ da, (27)

where again we have used the divergence theorem and the relation (6) appropriate for the free space B′.
The third integral in (19), on use of (5) and the fact that Ba = µ0Ha for the whole space B ∪ B̃ ∪ B′, can be

rewritten as

− 1

2

∫
B∪B̃

B · Ha dv + 1

2

∫
B∪B̃

H · Ba dv. (28)

Following a similar procedure as for the second integral in (19), on use of the divergence theorem, and with
reference to Fig. 4, we may rewrite the first term in the above equation as

1

2

∫
∂Bα∪S

ϕa B · n da + 1

2

∫
∂B̃∞

ϕa B · ñ da, (29)

and the first term in (29) is equivalent to

1

2
µ0

∫
B′

H · Ha dv + 1

2

∫
∂B∞

ϕa B · n′ da. (30)

The second integral in (30) is easily shown to be equal to

− 1

2
µ0

∫
B′

Ha · H dv − 1

2

∫
∂B∞

ϕ Ba · n′ da − 1

2

∫
∂B̃∞

ϕ Ba · ñ da. (31)

Using (29), (30) and (31) in (28), and (27) in (26), and then combining these results in (19) we can express E as

E =
∫
B
ρψ∗ dv +

∫
B̃
ρ̃ψ̃∗ dv − 1

2
µ0

∫
B′

H · H dv − 1

2

∫
∂B∞∪∂B̃∞

(ϕs B + ϕ Ba) · n′ da, (32)

where, for brevity, we have written ñ = n′ on ∂B̃∞. The latter integral in (32) can be decomposed as

−
∫
∂B∞∪∂B̃∞

ϕs Ba · n′ da − 1

2

∫
∂B∞∪∂B̃∞

ϕa Ba · n′ da − 1

2

∫
∂B∞∪∂B̃∞

ϕs Bs · n′ da. (33)
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The second integral in (33) is not affected by any variation [14], so we can omit it from our formulation. In the third
integral in (33), as in [14], we assume that ϕs ∼ 1/|x| as |x| → ∞. For ∂B∞ it follows that |Bs | ∼ 1/|x|2, and the
associated integral vanishes. We assume that the behaviour of Bs is such that the integral over ∂B̃∞ also vanishes.
For the first integral in (33) we can replace ϕs by ϕ (since the difference is a constant). Hence, equation (32) can be
written as

E =
∫
B
ρψ∗ dv +

∫
B̃
ρ̃ψ̃∗ dv − 1

2
µ0

∫
B′

H · H dv −
∫
∂B∞

ϕ Ba · n′ da −
∫
∂B̃∞

ϕ Ba · ñ da. (34)

For the mechanical boundary conditions we have x = x̂ on ∂Bβ . Also, we have ẋ = 0 on ∂Bβ (and on S). On
∂Bα there is no mechanical load or restriction on the displacement. We assume, as in [14], that the mechanical body
force f is conservative and equal to −gradU , where U is the associated potential. Then, since there is no prescribed
mechanical traction on ∂Bα and x is prescribed on ∂Bβ , the work L of the mechanical loading is simply

L = −
∫
B
ρU dv. (35)

We define the functional 
 as3


{x, ϕ} = E{x, ϕ} − L{x}. (36)

4.1.1 Variation in the magnetic potential

Let 
̇ϕ denote the variation of the functional 
 with respect to the variation ϕ̇ in ϕ. From (34) and the definition
(20) we then have


̇ϕ = −
∫
B
ρ
∂ψ∗

∂H
· grad ϕ̇ dv −

∫
B̃
ρ̃
∂ψ̃∗

∂H
· grad ϕ̇ dv + µ0

∫
B′

H · grad ϕ̇ dv −
∫
∂B∞

ϕ̇ Ba · n′ da

−
∫
∂B̃∞

ϕ̇ Ba · ñ da. (37)

Following Bustamante et al. [14] we consider the connection

− ρ
∂ψ∗

∂H
= B (38)

in B, and we also write

− ρ̃
∂ψ̃∗

∂H
= B (39)

in B̃. Then, by using (4)2, the divergence theorem, and the decomposition of the boundary ∂B, the first integral in
(37) is seen to be equivalent to∫
∂Bα

ϕ̇ B · n da +
∫
∂Bβ

ϕ̇ B · n da −
∫
B
ϕ̇ divB dv. (40)

Similar expressions can be found for the second and third integrals in (37), but for brevity we do not include them
here. Taking account of the decompositions ∂B̃ = ∂Bβ ∪ S ∪ ∂B̃∞ and ∂B′ = ∂Bα ∪ S ∪ ∂B∞ (see Fig. 4), and
remembering the rule for the sign of the normal vectors, we can show that (37) can be written as


̇ϕ =
∫
B∪B̃∪B′

ϕ̇ divB dv +
∫
∂Bα

ϕ̇ [[B]] · n da +
∫
∂Bβ

ϕ̇ [[B]] · n da

+
∫
S
ϕ̇ [[B]] · ñ da −

∫
∂B∞

ϕ̇ Bs · n′ da −
∫
∂B̃∞

ϕ̇ Bs · ñ da. (41)

3 A different method to find variational formulations in electro–elasticity has been proposed by He and coworkers, see, for example,
[18,40–42].
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In the above expression the last two integrals vanish when |x| → ∞. It follows that 
 is stationary with respect to
ϕ if and only if

divB = 0 in B ∪ B̃ ∪ B′ (42)

and

[[B]] · n = 0 on ∂Bα, (43)

[[B]] · n = 0 on ∂Bβ, (44)

[[B]] · ñ = 0 on S. (45)

4.1.2 Variation with x

From [21] we have the following connection between the function ψ∗ and the complementary form of the energy
function �∗ [3,4]

J−1�∗(F,Hl) = ρψ∗(F,H). (46)

Let us rewrite some of the integrals in (34) with respect to the reference configuration, we have

E =
∫
Br

�∗ dV +
∫
B̃
ρ̃ψ̃∗ dv − 1

2
µ0

∫
B′

r

J (F−T Hl) · (F−T Hl) dV

−
∫
∂B∞

ϕ Ba · n′ da −
∫
∂B̃∞

ϕ Ba · ñ da. (47)

We did not have to modify the expression for the second, fourth or fifth integrals because the body B̃ is rigid and
∂B∞ and ∂B̃∞ are assumed fixed. In B′

r the deformation gradient is ‘fictitious’ in the sense that it is obtained
arbitrarily from a smooth extension of the deformation x = χ(X) in Br to B′

r (see [22]).
Next, we calculate the variation of E with respect to x, which we denote by Ėx. For this purpose, we use the

connection [3,4]

∂�∗

∂F
= T, (48)

where T is the total nominal stress, and recall that ψ̃∗ is a function of H only. We also use the definition [33,36]

τm = B ⊗ H − 1

2
(B · H)I (49)

of the Maxwell stress.
Following a procedure similar to that used in [14], the variation of E with respect to x can be written as

Ėx =
∫
Br

tr(TḞ) dV +
∫
B′

div(τm ẋ) dv −
∫
B′
(divτm) · ẋ dv. (50)

Remark 1 We must be aware that since ϕ = ϕ(x) = ϕ(χ(X)), the variation in x induces a variation in ϕ, which we
can denote ϕ̇ind. In this case we have Ḣind = −grad ϕ̇ind as the induced magnetic field. It is possible to prove that,
if we include the induced variation in ϕ, we can obtain the same set of integrals shown in (41), but with ϕ̇ind in the
place of ϕ̇. From (42–45) we have that these integrals are zero and this is why ϕ̇ind does not appear in (50). For this
reason we do not consider the induced variation in the subsequent formulations.

On using the divergence theorem in (50), making some rearrangements, referring to (35), and noting that ẋ = 0
on S and ∂Bβ , we obtain


̇x = −
∫
Br

(DivT + ρr f) · ẋ dV −
∫
B′
(divτm) · ẋ dv +

∫
∂Bαr

(TT N − tm) · ẋ dA +
∫
∂B∞

τmn′ · ẋ da, (51)

where ρr = ρ J is the density in Br , tM = TT
M N and TM = JF−1τm .
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In the above equation we can assume that the fourth integral vanishes for |x| → ∞. As a result 
 is stationary
with respect to x if and only if

DivT + ρr f = 0 in Br , (52)

TT N = tM on ∂Bαr (53)

and

divτm = 0 in B′. (54)

Note that this last equation holds for free space if the field equations (4) are satisfied.
To summarize, the functional 
 is stationary with respect to both ϕ and x if and only if Eqs. (42–45), (52) and

(53) hold.

4.2 Interaction of a MS elastomer with a rigid semi-infinite body. Formulation based
on the vector magnetic potential

In (34) we see the use of the applied (far away) magnetic induction Ba , which means we were assuming that far
away there was source of magnetic induction (such as an electric current in an electromagnet). Let us assume now
there is a far-away source of magnetic field Ha . Consider the following expression for the energy of the system
[14,39]

E∗{x,A} =
∫
B∪B̃

�ϒ∗ dv − 1

2

∫
B∪B̃

B · H dv − 1

2
µ0

∫
B∪B̃

M · Ha dv. (55)

A solution of the field equation (4)2 is given by

B = curlA, (56)

where A is known as the magnetic vector potential. We can decompose the vector potential in an applied and a self
part, and in such a case we have

Ba = curlAa and Bs = curlAs . (57)

The energy function ϒ∗ is defined as

ϒ∗ =
{
φ∗ x ∈ B,
φ̃∗ x ∈ B̃, (58)

where [14] φ∗ = φ∗(F,B) and φ̃∗ = φ̃∗(B), and � has been defined in (24).
The first integral of the right side of (55) can be decomposed as∫

B
ρφ∗ dv +

∫
B̃
ρ̃φ̃∗ dv. (59)

Consider the identity

curlA · H = div(H × A)+ A · curlH. (60)

Regarding the second integral on the right side of (55), using (60), Eq. 41 and remembering Fig. 4 we have

− 1

2

∫
B∪B̃

B · H dv = −1

2

∫
∂Bα∪S

(H × A) · n da − 1

2

∫
∂B̃∞

(H × A) · n da, (61)

where for the first integral of the right side of (61), using (56), the divergence theorem and from Fig. 4 we have

− 1

2

∫
∂Bα∪S

(H × A) · n da = 1

2

∫
B′

curlA · H dv − 1

2

∫
∂B∞

(H × A) · n′ da. (62)
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For the third integral in (55), using B = µ0(H + M) we get

− 1

2
µ0

∫
B∪B̃

M · Ha dv = −1

2

∫
B∪B̃

curlA · Ha dv + 1

2

∫
B∪B̃

H · curlAa dv, (63)

and using (60), the divergence theorem and (4)1 we can prove that

− 1

2

∫
B∪B̃

curlA · Ha dv = 1

2

∫
B′

curlA · Ha dv − 1

2

∫
∂B∞

(Ha × A) · n′ da − 1

2

∫
∂B̃∞

(Ha × A) · ñ da, (64)

and
1

2

∫
B∪B̃

curlAa · H dv = −1

2

∫
B′

curlAa · H dv + 1

2

∫
∂B∞

(H × Aa) · n′ da + 1

2

∫
∂B̃∞

(H × Aa) · ñ da. (65)

Using (64) and (65) in (63), and (61–63) in (55), assuming that
∫
∂B∞(Hs × As) · n da → 0 and

∫
∂B̃∞(Hs × As) ·

n da → 0 as |x| → ∞ (see [14]) we finally get

E∗{x,A} =
∫
B
ρφ∗ dv +

∫
B̃
ρ̃φ̃∗ dv + 1

2µ0

∫
B′

B · B dv −
∫
∂B∞

(Ha × A) · n′ da −
∫
∂B̃∞

(Ha × A) · ñ da. (66)

We can now define the functional 
∗ = 
∗{x,A} as


∗{x,A} = E∗{x,A} − L{x}. (67)

Let us calculate the first variation of the above functional in terms of the vector potential; we have


̇∗
A =

∫
B
ρ
∂φ∗

∂B
· curlȦ dv +

∫
B̃
ρ̃
∂φ̃∗

∂B
· curlȦ dv + 1

µ0

∫
B′

B · curlȦ dv −
∫
∂B∞

(Ha × Ȧ) · n′ da

−
∫
∂B̃∞

(Ha × Ȧ) · ñ da, (68)

but from [14] we have that

ρ
∂φ∗

∂B
= H, in B, (69)

and we write

ρ̃
∂φ̃∗

∂B
= H, in B̃. (70)

With (69) and (70), using the identity curlȦ · H = div(H × Ȧ) + Ȧ · curlH, considering the divergence theorem
and recalling Fig. 4 we can prove that


̇∗
A =

∫
B∪B̃∪B′

Ȧ · curlH dv +
∫
∂Bα

(n × [[H]]) · Ȧ da +
∫
∂Bβ

(n × [[H]]) · Ȧ da

+
∫
S
(n × [[H]]) · Ȧ da +

∫
∂B∞

[(H − Ha)× Ȧ] · n′ da +
∫
∂B̃∞

[(H − Ha)× Ȧ] · n′ da, (71)

but Hs = H − Ha , and we have that
∫
∂B∞(Hs × Ȧs) · n da → 0 and

∫
∂B̃∞(Hs × Ȧs) · n da → 0 as |x| → ∞, and

from (71) it follows that 
∗ is stationary if and only if

curlH = 0 in x ∈ B ∪ B̃ ∪ B′, (72)

and

n × [[H]] = 0 on x ∈ ∂Bα, (73)

n × [[H]] = 0 on x ∈ ∂Bβ, (74)

n × [[H]] = 0 on x ∈ ∂S. (75)

Regarding the variation of 
∗ on x, the expressions that appear are closely similar to the expressions presented
in the previous subsection, therefore, for brevity we do not repeat them here (see also [14]).

123



Mathematical modelling of boundary conditions 297

Fig. 5 A mixed-boundary-
value problem. A MS
elastomer attached to two
semi-infinite bodies

4.3 Interaction of a MS elastomer with two semi-infinite bodies

The two models presented previously could be used to work, for example, with the problems shown in Fig. 3a, b.
In the case of Fig. 3a the rigid semi-infinite body would be divided into two (disjoint) parts, the inferior that would
remain fixed and a superior that would move in the axial direction (blue arrow).

We would like to explore a model where we could prescribe some sort of external mechanical load. Consider
Fig. 5 where we have a MS elastomeric body B attached to two semi-infinite bodies B1 and B2. The body B is
perfectly bonded to B1 on the surface ∂Bα and to B2 on the surface ∂Bβ . Surrounding the bodies B, B1 and B2

we have a free (vacuum) space B′; the surface that separates B′ and B is denoted by ∂Bγ , and the surfaces that
separate B′ with B1 and B2 are denoted by S1 and S2, respectively. The boundary of the free space far away is
denoted by ∂B∞, and for the semi-infinite bodies B1 and B2 the boundaries far away are denoted by ∂B∞

1 and ∂B∞
2 ,

respectively.
We assume that the body B1 is rigid and magnetizable. Far away inside the body there is an applied magnetic

induction. As for the boundary of the free space far away, we assume there is an applied induction field as well.
This body could move and rotate rigidly.

Regarding the body B2 we assume that this body is elastic and magnetizable. Far away in ∂B∞
2 a mechanical

surface load and a magnetic induction are applied.4 The densities of the bodies B, B1 and B2 are denoted ρ, ρ1 and
ρ2, respectively.

We work with the magnetic field as the independent magnetic variable, and as we did in Sect. 4.1 we assume
there exists a scalar potential ϕ such that H = −gradϕ. For the MS body B we assume there exists an energy
function ψ∗ = ψ∗(F,H) such that (see [14])

B = −ρ ∂ψ
∗

∂H
, (76)

which is related with the total energy function of Dorfmann and Ogden [3,4] by

J−1�∗(F,Hl) = ρψ∗(F,H), (77)

and so we have

T = ∂�∗

∂F
. (78)

The body B1 is rigid and magnetizable and we assume there exists an energy function ψ∗
1 = ψ∗

1 (H) such that

B = −ρ1
∂ψ∗

1

∂H
. (79)

This body may move and rotate rigidly.

4 We do not discuss the possibility of adding Maxwell stresses to this external surface load (see [33]).
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As for the body B2 we assume this is deformable and magnetizable; as well as this, we assume there exists an
energy function ψ∗

2 = ψ∗
2 (F,H) such that

B = −ρ2
∂ψ∗

2

∂H
, (80)

and

T = ∂�∗
2

∂F
, (81)

where we have defined

J−1�∗
2(F,Hl) = ρ2ψ

∗
2 (F,H). (82)

Remark 2 We could assume very simple forms for ψ∗
1 (H) and ψ∗

2 (F,H), such that the constitutive equations for
the magnetic induction and the stress would be linear expressions; see, for example, [17]. We do not explore further
simplifications in this paper and we assume ψ∗

1 (H) and ψ∗
2 (F,H) as general as possible.

From the previous two subsections we have a number of results, which we do not need to repeat here. Consider
the functional

{x, ϕ} = E{x, ϕ} − L{x}, (83)

where in this model the energy functional E is given as

E{x, ϕ} =
∫
B
ρψ∗ dv +

∫
B1

ρ1ψ
∗
1 dv +

∫
B2

ρ2ψ
∗
2 dv − 1

2
µ0

∫
B′

H · H dv

−
∫
∂B∞

ϕBa · n′ da −
∫
∂B∞

1

ϕBa · n1 da −
∫
∂B∞

2

ϕBa · n2 da; (84)

here n1 and n2 are the normal unit outward vectors to the surfaces ∂B∞
1 and ∂B∞

2 , respectively.
In this problem the functional L{x} is defined as

L{x} = −
∫
B
ρU dv −

∫
B2

ρU2 dv +
∫
∂B∞

2

x · ta da, (85)

where we have assumed that the body forces in B and B2 can be expressed in term of the gradient of the potentials
U and U2 respectively, i.e.,

f = −ρ gradU, and f2 = −ρ2 gradU2. (86)

The term ta corresponds to the mechanical surface load applied far away on ∂B∞
2 .

4.3.1 Variation on the scalar magnetic potential

It is easy to prove that the first variation of  is given as (see Sect. 4.1 and [14,34])

̇ϕ =
∫
B∪B1∪B2∪B′

ϕ̇ divB dv +
∫
∂Bα

ϕ̇ [[B]] · n da +
∫
∂Bβ

ϕ̇ [[B]] · n da +
∫
S1

ϕ̇ [[B]] · n1 da

+
∫
S2

ϕ̇ [[B]] · n2 da −
∫
∂B∞

ϕ̇ Bs · n′ da −
∫
∂B∞

1

ϕ̇ Bs · n1 da −
∫
∂B∞

2

ϕ̇ Bs · n2 da. (87)

The variation of the potential ϕ far away only corresponds to the variation of ϕs , so by a standard argument [14,34]
we assume that the surface integrals of ϕ̇ Bs · n1, ϕ̇ Bs · n2 and ϕ̇ Bs · n′ vanish. Therefore  is stationary with
respect to ϕ if and only if

divB = 0 in B ∪ B1 ∪ B2 ∪ B′ (88)

and

[[B]] · n = 0 on ∂Bα, (89)

[[B]] · n = 0 on ∂Bβ, (90)

[[B]] · n1 = 0 on S1. (91)

[[B]] · n2 = 0 on S2. (92)
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4.3.2 Variation with x

To calculate the variation of  in terms of x, let us rewrite some of the integrals in the functionals E and L in the
reference configuration [14]. Using the connections (77) and (82) we have

E =
∫
Br

�∗ dV +
∫
B1

ρ1ψ
∗
1 dv +

∫
Br2

�∗
2 dV − 1

2
µ0

∫
B′

r

J (F−THl) · (F−THl) dV

−
∫
∂B∞

ϕBa · n′ da −
∫
∂B∞

1

ϕBa · n1 da −
∫
∂B∞

r2

ϕBla · N2 dA, (93)

where Br , Br2 and ∂B∞
r2

correspond to the reference forms of the bodies B, B2 and the far-away boundary of B2,
respectively. We have that Bla is the Lagrangian form for the applied far-away magnetic induction. We have assumed
that ∂B∞ and ∂B∞

1 remain fixed. In (93) we have extended the displacement field x to free space [22].
It is easy to prove that the first variation of E in x is given by

Ėx =
∫
Br

tr(TḞ) dV +
∫
Br2

tr(TḞ) dV +
∫
B′

div(τm ẋ) dv −
∫
B′
(divτm) · ẋ dv. (94)

Using the connection (see [35]) tr(TḞ) = Div(Tẋ) − (DivT) · ẋ, the divergence theorem, the connections (see
Fig. 5)

∂B2 = ∂Bβ ∪ S2 ∪ ∂B∞
2 , ∂B′ = ∂Bγ ∪ S2 ∪ S1 ∪ ∂B∞, ∂B = ∂Bα ∪ ∂Bβ ∪ ∂Bγ , (95)

and using ẋ = 0 on S1 and ∂Bα , we can prove that

̇x = Ėx − L̇x =
∫
∂Bβr

([[TT]]N) · ẋ dA +
∫
∂Bγr

(TTN − tM ) · ẋ dA +
∫
Sr2

(TTN2 − tM ) · ẋ dA

+
∫
∂B∞

r2

(TTN2 − tA) · ẋ dA −
∫
Br

(DivT + ρr f) · ẋ dV −
∫
Br2

(DivT + ρr2 f2) · ẋ dV

+
∫
∂B∞

(τT
mn′) · ẋ da −

∫
B′
(divτm) · ẋ da, (96)

where τm is the Maxwell stress tensor and we have defined

tM ≡ TT
M N, where TM = JF−1τm (97)

and

tA dA = ta da. (98)

We can assume that
∫
∂B∞(τT

mn′) · ẋ da → 0 as |x| → ∞. As well as this, from (4) we can prove that the last integral
in (96) vanishes. Therefore  is stationary with respect to x if and only if

DivT + ρr f = 0 in Br , DivT + ρr2 f2 = 0 in Br2 (99)

and

[[TT]]N = 0 on ∂Bβr , (100)

TT N = tM on ∂Bγr , (101)

TT N2 = tM on ∂Sr2 , (102)

TT N2 = tA on ∂B∞
r2
. (103)

The boundary condition (103) is the important condition we were looking for. Going back to Fig. 3, we can assume
a very simple model for the mechanical and magnetic behaviours of the loading devices, and so we could apply
some external known force far away on the upper part (blue arrows), along with some external magnetic induction.
The lower part of the loading devices (the rigid body) would remain fixed.
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5 Final remarks

To arrive at appropriate and simple models for the interaction of a MS elastomer with an external loading device is
not simple. We proposed a few models.

Many researchers have only considered the material body, disregarding the effects that may exist due to the
surroundings [16,18,24,37]. Of course, as a first step, using such models seems to be a good option; however, in
magneto–elasticity we have magnetic and mechanical interactions, and so, to consider a body isolated from the
environment implies that we are not only simplifying the boundary conditions for the mechanical part of the problem
[28], but also for the electro–magnetic boundary conditions.

In electro– and magneto–statics the basic equations are very similar in form; see, for example, [3–6]. Therefore,
most of the variational formulations seen in Sect. 4 can be adapted easily for the electro–elastic problem. Variational
formulations for the interaction of an electro-sensitive elastomer and external bodies will be treated in a separate
short communication, considering, for example, the case in which electric fields are produced using a distribution
of surface charge, and a given electric scalar potential applied from a distance [1].

The variational formulations presented in this paper considered either x,ϕ or x and A as the independent variables.
We are also interested in finding ‘full’ variational formulations, where, for example, T, F, H, etc. were considered
as independent variables. In a series of papers He and coworkers [40–42] have used a ‘semi-inverse’ method to find
variational formulations for some complex problems, such as in electro–elastic interactions. That method will be
used to generalize the formulations presented here and in [14,15].

We will use some of the models put forward in Sect. 4 to solve some boundary-value problems using the finite-
element method.

Finally, in [15] Bustamante et al. studied the case of an ES elastomer surrounded by free space, including the
effect of a distribution of free charge on the surface of the body, and a density of charges per unit of volume
inside the body. Analogously for MS elastomers we could explore an additional case, in which we would have a
distribution of steady electric current per unit of volume J, and a distribution of surface current K. However, for
MS elastomers we usually assume that the magneto-active particles are distributed in such a way that each particle
is completely surrounded by elastomer, which could be considered essentially as an insulator (from the electrical
point of view); so, since the particles would not touch each other, we could not have an electric current per unit of
volume. Regarding the distribution of electric surface current, Tiersten [43] claimed that to have a surface current
has no physical meaning. As a result we have not considered this extra case in this paper.

Acknowledgements The author wants to thank professor Ray Ogden for his valuable advice with this work.
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